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In this work we report the results of theoretical analysis of the effect of thermal environment
on the thermoelectric efficiency of molecular junctions. The environment is represented by two
thermal phonon baths associated with the electrodes which are kept at different temperatures. The
analysis is carried out using the Buttiker model within the scattering matrix formalism to compute
electron transmission through the system. This approach is further developed, so that the dephasing
parameters are expressed in terms of relevant energies including the thermal energy, strengths of
coupling between the molecular bridge and the electrodes and characteristic energies of electron-
phonon interactions. It is shown that the latter significantly affect thermoelectric efficiency by
destroying coherency of the electron transport through the considered system.
PACS numbers:
I. INTRODUCTION
For the past three decades, significant efforts were ap-
plied to study thermal and thermoelectric transport in
mesoscopic and nanoscale systems of various kinds in-
cluding quantum dots and/or molecules attached to con-
ducting electrodes. The latter serve as source and drain
reservoirs for traveling charge carriers. Here, we con-
centrate on the analysis of thermoelectric properties of
these systems. Below they are referred to as thermoelec-
tric junctions. In part, the research interest appeared
because thermoelectric junctions are expected to be use-
ful in building up highly efficient energy conversion de-
vices. Also, studies of thermoelectric properties of these
systems can result in a deeper insight into the nature of
general transport mechanisms and bring additional in-
formation on the electronic and vibrational excitation
spectra of molecules [1–15]. Presently, it is established
that thermoelectric properties of quantum dots and/or
molecules may be strongly affected by Coulomb inter-
actions between charge carriers [16–22]. Coulomb inter-
actions lead to violation of the Wiedemann-Franz law
in nanoscale thermoelectric junctions thus providing an
enhancement of thermoelectric efficiency of these sys-
tems [21, 23]. The thermal efficiency may be further
increased due to the influence of quantum interference
effects which may strongly affect electron transport char-
acteristics [9, 24–29].
In general studies of thermoelectric transport through
molecules, quantum dots and similar systems one must
imply that both atomic vibrations and charge carriers
contribute to the energy transfer. Therefore, a unified
description of the electrons and phonons dynamics is
needed to thoroughly analyze thermoelectric properties
of molecular junctions. The means for such analysis are
provided by the nonequilibrium Green’s functions for-
malism (NEGF), as described in the review [30], and
some other works (see e.g. [13, 31–35]). However, ap-
plication of this formalism to realistic models simulating
thermoelectric junctions is extremely difficult. Several
simplified approaches were developed and used to analyze
the specifics of heat transfer and other related phenom-
ena in quantum dots and molecules taking into account
the contribution of phonons and electron-phonon inter-
actions [2, 13, 36–38]. Nevertheless, these studies are not
completed so far.
The phonons contributing to the charge and energy
transfer may be subdivided in two classes: vibrational
phonons associated with molecular vibrations and ther-
mal phonons associated with random nuclear motions
in the environment. In the present work we aim at
theoretical analysis of the effect of thermal phonons on
the thermoelectric characteristics of molecules and other
similar systems. To carry on this analysis we combine
NEGF with the approach first suggested by Buttiker
to describe quantum transport through molecules [39].
An important advantage of this approach is that it
could be easily adapted to analyze various aspects of
incoherent/inelastic transport through molecules (and
some other mesoscopic systems) avoiding complicated
and time-consuming methods based on more advanced
formalisms.
II. MAIN EQUATIONS
For simplicity, in the following computations we sim-
ulate a molecule/quantum dot by a single level with the
energy E0. We assume that this single-level bridge is
coupled to the pair of dissipative reservoirs, as shown in
the Fig. 1. While on the bridge, an electron could be
scattered into one of the reservoirs through the channels
3 and 4 (or 5 and 6) with a certain probability. In the
reservoir, it undergoes inelastic scattering accompanied
by phase breaking, and afterwards returns to the bridge
2FIG. 1: (Color online) Schematics of the considered system.
Semicircles represent the left and right electrodes, square
stands for the molecule/quantum dot sandwiched in between.
Dephasing/dissipative reservoirs are associated with the elec-
trodes and characterized by temperatures TL and TR, re-
spectively.
with the same probability. In the present analysis, the
reservoirs are treated as phonon baths representing ther-
mal phonons associated with the left and right electrodes.
Within the accepted model we imply that there is no
phonon thermal conductance through the junction. This
seems a reasonable assumption for experiments give low
values of phonon thermal conductance in several ther-
moelectric molecular junctions [40, 41]. This may be
attributed to the fact that in many molecules the ma-
jority of vibrational transitions lie above the range de-
termined by thermal energy when temperature takes on
values of the order of or lower than the room temper-
ature [14, 29]. Within the Buttiker model, the electron
transport through a thermoelectric junction is considered
as combination of tunnelings through potential barriers
separating the electrodes from the molecule/quantum dot
and interaction with the reservoirs coupled to the bridge
site.
The Buttiker approach was applied to describe and
analyze electron transport through molecules in several
works (see e.g. Refs. [42–44]. Following this approach,
one can present particle fluxes J ′i outgoing from the sys-
tem as linear combinations of incoming fluxes Jk where
the indexes i, k label the channels for transport. For the
adopted model 1 ≤ i ≤ k ≤ 6.
J ′i =
∑
k
TikJk (1)
In these equations, the coefficients Tik are related to
matrix elements of the scattering matrix M namely:
Tik = |Mik|2. The scattering matrix expresses outgoing
wave amplitudes b′L, b
′
R, a
′
3, a
′
4, a
′
5, a
′
6 in terms of incident
ones bL, bR, a3, a4, a5, a6. To provide the charge conser-
vation in the system, zero net current should flow in the
channels linking the bridge site with the dephasing reser-
voirs, so we may write the following equations:
J3 + J4 − J ′3 − J ′4 = 0,
J5 + J6 − J ′5 − J ′6 = 0. (2)
To find the expressions for the matrix elements Mik we
first consider a subsystem including the left electrode
with the associated dephasing reservoir and the bridge
site. The expression for the matrix s(1) relating the
wave amplitudes a′1, a
′
2, a
′
3, a
′
4 to the wave amplitudes
a1, a2, a3, a4 has the form [39]:
s(1) =


0
√
1− ǫL √ǫL 0√
1− ǫL 0 0 √ǫL√
ǫL 0 0 −
√
1− ǫL
0
√
ǫL −
√
1− ǫL 0


(3)
where the phenomenological scattering probability ǫL
corresponds to the reservoir associated with the left
electrode. Also, an electron tunneling through a sin-
gle potential barrier separating this electrode from the
molecule/quantum dot is characterized by the transmis-
sion and reflection amplitudes (tL and rL, respectively).
These are the matrix elements of a 2× 2 matrix:
sL =
(
tL rL
rL tL
)
. (4)
Combining Eqs. (3) and (4) one obtains the expression
for the scattering matrix M (1) relating b′L, a
′
2, a
′
3, a
′
4 to
bL, a2, a3, a4 :
M (1) =


rL αLtL βLtL 0
αLtL α
2
LrL αLβLrL βL
βLtL αLβLrL β
2
LrL −αL
0 βL −αL 0

 . (5)
Here, αL =
√
1− ǫL, βL = √ǫL.
Now, we take into consideration the remaining ele-
ments of the original system. The matrix M (2) which
relates a′2, b
′
R, a
′
5, a
′
6 to a2, bR, a5, a6 is [43, 44]:
M (2) =


α2RrR αRtR βR αRβRrR
αRtR rR 0 βRtR
βR 0 0 −αR
αRβRrR βR −αR β2RrR

 (6)
where αR =
√
1− ǫR, βR = √ǫR, the scattering proba-
bility ǫR is associated with the right reservoir, and the
transmission (tR) and reflection (rR) amplitudes char-
acterize electron tunneling through the potential barrier
between the molecule (bridge) and the right electrode.
Using Eqs. (5) and (6) and excluding the wave ampli-
tudes a2, a
′
2 which correspond to the transport inside
the system, we get the following expression for the scat-
tering matrix:
3M =
1
Z


rL + α
2
Lα
2
RrR αLαRtLtR βLtL αLα
2
RβLtLrR αLβRtL αLαRβRtLrR
αLαRtLtR rR + α
2
Lα
2
RrL αLαRβLtRrL αRβLtR α
2
LαRβRtRrL βRtR
βLtL αLαRβLtRrL β
2
LrR αL(α
2
RrLrR − 1) αLβLβRrL αLαRβLβRrLrR
αLα
2
RβLtLrR αRβLtR αL(α
2
RrLrR − 1) α2Rβ2LrR βLβR αRβLβRrR
αLβRtL α
2
LαRβRtRrL αLβLβRrL βLβR α
2
Lβ
2
RrL αR(α
2
LrLrR − 1)
αLαRβRrRtL βRtR αLαRβLβRrLrR αRβLβRrR αR(α
2
LrLrR − 1) β2RrR


.
(7)
Here, Z = 1− α2Lα2RrLrR.
Solving the system of linear equations (1), (2) one ob-
tains the following expression for the electron transmis-
sion T (E) which coincides with the corresponding result
reported by D’Amato and Pastawski [42]:
T (E) =
J ′2
J1
= T21 +
∑
i,j
K
(2)
i (W
−1)ijK
(1)
j . (8)
Within the considered model, 1 ≤ i, j ≤ 2,
K
(1)
i = T2i+1,1 + T2i+2,1,
K
(2)
i = T2,2i+1 + T2,2i+2, (9)
and W−1 is the matrix inversed with respect to 2 × 2
matrix W, whose matrix elements are given by:
Wij = (2−Rii)δij − R˜ij(1− δij). (10)
In this expression, the following denotations are used:
Rii = T2i+1,2i+1 + T2i+2,2i+2 + T2i+2,2i+1 + T2i+1,2i+2,
R˜ij = T2i+1,2j+1 + T2i+1,2j+2 + T2i+2,2j+1 + T2i+2,2j+2.
(11)
Assuming that both dephasing reservoirs are detached
from the bridge (ǫL = ǫR = 0), the transport through
the system becomes coherent and elastic. In this case, the
electron transmission given by Eqs. (8)-(11) is reduced
to a simple form:
T (E) =
t2Lt
2
R
(1 + rLrR)2
. (12)
As known, the expression for the electron transmission
in the case of coherent transport may be presented as
follows:
T (E) ≡ g2(E) = Trace[(ΓLσ(E)Grσ(E)ΓRσ(E)Gaσ(E)]
(13)
where Gr,aσ (E) are the retarded and advanced Green’s
functions associated with the molecule/quantum dot
bridging the electrodes, and self-energy terms ΓL,R;σ
describe the coupling between the electron of a certain
spin orientation on the bridge and the corresponding
electrode. For a symmetrically coupled system (ΓLσ =
ΓRσ = Γ), the expression for electron transmission may
be reduced to the form:
T (E) =
i
2
Γ(E)
∑
σ
[
Grσ(E)−Gaσ(E)
]
. (14)
Provided that electron transport through the system is
undisturbed by electron-phonon interactions, and disre-
garding spin-flip processes, the retarded Green’s function
Grσ(E) may be approximated as [45]:
Grσ(E) =
E − E0 − Σσ2 − U
(
1− 〈n−σ〉)(
E − E0 − Σ0σ
)(
E − E0 − U − Σσ2
)
+ UΣ1σ
.
(15)
Here, U is the charging energy associated with
Coulomb repulsion between the electrons on the molecu-
lar bridge/quantum dot and
〈
n±σ
〉
are one-particle oc-
cupation numbers:
〈
nσ
〉
=
1
2π
∫
dEIm
[
G<σ (E)
]
(16)
where G<σ (E) is the lesser Green’s function for electrons
on the bridge. Self-energy corrections Σ0σ, Σ1σ, Σ2σ
appear in the expression for Grσ due to the coupling of
the bridge to the electrodes. For example:
Σ0σ =
∑
rβ
|τrβσ|2
E − ǫrβσ + iη ≡ Σ
L
0σ +Σ
R
0σ. (17)
In this expression, ǫrβσ are single-electron energies on
the electrode β (β ∈ L,R), τrβσ are coupling param-
eters characterizing the coupling of the electron states
on the bridge to the electrodes and η is an infinitesimal
positive parameter. These self-energy terms are closely
related to the previously introduced coupling strengths
Γβσ, namely: Γβσ(E) = −2ImΣβ0σ. The expressions
(14)-(16) were repeatedly employed in studies of thermal
transport through quantum dots (see e.g Ref. [26, 46]).
For a symmetrically coupled system, one may assume
that the potential barriers separating the electrodes from
the bridge are identical: tL = tR = t, rL = rR = r. Then
the transmission amplitude could be easily expressed in
terms of the corresponding Green’s functions:
t2 =
2g
1 + g
.
4Within the Buttiker approach, the scattering proba-
bilities ǫL,R are introduced as phenomenological param-
eters. However, these parameters may be given an ex-
plicit physical meaning by expressing them in terms of
the relevant energies. In the considered system, dissipa-
tion and loss of coherency appear due to the interaction of
charge carriers with thermal phonons associated with the
electrodes and represented by the dephasing reservoirs.
Therefore, as was suggested in an earlier work [47], one
can approximate these parameters as follows:
ǫβ =
Γβph
2(ΓL + ΓR) + Γ
β
ph
. (19)
Here, Γβph represents the self-energy term originating
from electron-phonon interactions occurring in the reser-
voir associated with the left/right electrode. Using
NEGF and computing the relevant electron and phonon
Green’s functions within the self-consistent Born approx-
imation, one can arrive at a relatively simple expression
for Γβph [30]:
Γβph(E) = 2πλ
2
β
∫ ∞
0
dωρβph(ω)
× {N(ω)[ρel(E − ~ω) + ρel(E + ~ω)]
+
[
1− n(E − ~ω)]ρel(E − ~ω)
+ n(E + ~ω)ρel(E + ~ω)
}
. (20)
In this expression, ρel(E) and n(E) are respectively
the electron density of states associated with the bridge
level and its steady state occupation, and ρβph(ω) is the
phonon spectral function for the corresponding reservoir.
We assume that the electrodes may be kept at different
temperatures Tβ, so we introduce phonon distribution
functions Nβ(ω) =
{
exp
[
~ω/kBTβ
]−1}−1 where kB is
the Boltzmann constant. Finally, the constant λβ char-
acterizes the coupling strength for electron interactions
with the thermal phonons belonging to the bath β.
The particular form of the phonon spectral functions
ρβph(ω) may be found basing on the molecular dynamic
simulations. However, to qualitatively analyze the effect
of dephasing on the thermoelectric transport, one may
employ the approximation [48]:
ρβph(ω) = ρ0β
(
ω
ωcβ
)
exp
[
− ω
ωcβ
]
(21)
where the parameter ρ0β is related to the electron-
phonon coupling strength, and ωcβ characterizes the re-
laxation time for the thermal phonons.
The electron density of states includes self-energy cor-
rections which appear due to electron-phonon interac-
tions. Therefore, Eq. (20) is an integral equation for
Γβph. Substituting the approximation (17) into this equa-
tion, one may see that the major contribution to the in-
tegral over ω originates from the region where ω ≪ ωc.
Omitting the terms ~ω in the arguments of all slowly
varying terms in the integrand, we may reduce Eq. (20)
to the form:
Γβph = ρel
(
E,ΓL,ΓR,Γ
L
ph,Γ
R
ph
) ·Q(λβ , ωcβ, Tβ) (22)
where
Q(λβ , ωc, Tβ) =
4πλβ
~ωc
(kBTβ)
2ζ
(
2; 1 +
kBTβ
~ωcβ
)
(23)
and ζ(x; q) is the Riemann’s ζ function.
The suggested approach gives means to theoretically
analyze the effect of thermal phonons on the thermo-
electric properties of thermoelectric junctions. Using the
obtained results given by Eqs. (7)-(21), one may com-
pute electron transmission implying that the difference in
the temperatures TL and TR can take on an arbitrary
value. Therefore, these results may be employed to study
thermoelectric properties of the considered systems be-
yond the linear regime. As known, nonlinear thermoelec-
tric properties of molecular junctions and similar systems
presently attract significant interest [33, 37, 46, 49, 50].
However, in studies of thermoelectric characteristics of
such systems beyond linear regime, one inevitably en-
counters a nontrivial task of introducing and defining
the local temperature for the bridge which differs from
temperatures TL,R associated with the electrodes. The
definition of local temperature and related problems are
thoroughly discussed in the recent review [49].
In the present work we avoid these difficulties by re-
stricting further analysis with the linear temperature and
bias regime. Also, we remark again that within the con-
sidered model the thermal conductivity associated with
phonons is omitted for we do not include into considera-
tion vibrational modes coupled to the bridge. Therefore,
we may employ the following commonly used expressions
for measurable thermoelectric characteristics:
S = − 1
eT
L1
L0
, (24)
ZT =
S2GT
κ
=
L21
L0L2 − L21
. (25)
Here, G and κ are electron electrical and thermal con-
ductances, S is the thermopower (Seebeck coefficient)
and ZT is the dimensionless thermoelectric figure of
merit characterizing the efficiency of charge-driven cool-
ing devices and/or heat-driven current generators. In de-
riving these expressions, it is assumed that TR = T and
TL = T +∆T (∆T ≪ T ). The integrals Ln included in
Eqs. (24), (25) are given by:
Ln =
∫
(E − µ)nT (E) ∂f
∂E
dE (26)
where f is the Fermi distribution function for the energy
E, and the chemical potential µ characterizes the elec-
trodes at zero bias. Coulomb interactions between elec-
trons on the molecule/quantum dot may be accounted for
5by using appropriate expressions for the electron Green’s
functions incorporated into the expression for the coher-
ent transmission (13) as well as into the expression for
the electron density of states ρel.
III. RESULTS AND DISCUSSION
Specific thermoelectric properties of the considered
systems depend on the relation of four relevant energies.
These are the strength of coupling of the bridge to the
electrodes Γ, the electron-phonon coupling strength λ,
the charging energy U characterizing Coulomb interac-
tions of electrons on the bridge, and the thermal energy
kBT. It was established that the greater values of ZT
could be achieved in weakly coupled systems where the
condition Γ ≪ kBT may be satisfied at reasonably low
temperatures (see e.g. Ref. [21]), so in further analy-
sis we assume that considered system complies with this
condition.
Also, we assume that the considered quantum
dot/molecule is symmetrically coupled to the electrodes
(ΓL = ΓR = Γ) and two thermal baths are identi-
cal (ωcL = ωcR = ωc, λL = λR = λ). Omitting for
a while Coulomb interactions, one may derive a simple
Lorentzian expression for the electron density of states:
ρel =
1
2π
Γ
(E − E0)2 + (Γ + Γph)2 . (27)
where Γph = Γ
L
ph + Γ
R
ph. Substituting this expression
into Eq. (22), we may solve this equation and arrive at
a reasonable asymptotic expression for Γph :
Γph =
Γδ2(1 +
√
1 + δ2)
(E − E0)2 + (1 +
√
1 + δ2)2
(28)
where δ2 = 2Q(λ, ωc, T )/Γ. Using this result and the
expression (19) for the scattering probabilities, we obtain:
ǫL = ǫR = ǫ =
1
2
δ2(1 +
√
1 + δ2)(
E − E0
Γ
)2
+
1
2
(
1 +
√
1 + δ2
)3 . (29)
The parameter ǫ values vary between 0 and 1. When
ǫ = 0, the bridge is detached from the reservoirs, and
the electron transport is completely coherent and elas-
tic. Within the opposite limit (ǫ = 1) the transport is
characterized by the overall phase randomization typical
for inelastic sequential hopping. Within the adopted ap-
proach, the scattering probabilities depend on tunnel en-
ergy E. As well as electron transmission function T (E),
they reach their maximum values (ǫmax and Tmax, re-
spectively) at E = E0. This is shown in the left panels
of the Fig. 2.
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FIG. 2: (Color online) Left panels: Scattering probability
(top) and electron transmission (bottom) as functions of tun-
nel energy E. Right panels: Temperature dependencies of
peak values of ǫ (top) and the electron transmission (bot-
tom). All curves are plotted for a symmetrically coupled sys-
tem (ΓL = ΓR = Γ) with identical dephasing reservoirs as-
suming that TL = TR = T, Γ = 1meV, E0 = 0, λ = 1.5meV
(dotted line), λ = 3meV (dash-dotted line), λ = 6meV
(dashed line), λ = 9meV (solid line). In the left panels
kBT = 2.6meV.
As follows from Eq. (29), the character of the elec-
tron transport is determined by the value of the dimen-
sionless parameter δ. Transport remains nearly coher-
ent when δ ≪ 1. On the contrary, the strong dephas-
ing/dissipation occurs when δ takes on values signifi-
cantly greater than 1. To find a suitable estimate for
δ, one needs to approximate the Riemann’s ζ func-
tion included into expression (23). The approximation
depends of the relation between the energies ~ωc and
kBT. As discussed in an earlier work [43], the effect
of the thermal bath on the electron transport is signif-
icantly more pronounced when the lifetime of thermal
excitations is sufficiently long (~ωc ≪ kBT ), Under this
condition, one may apply the estimation Q ≈ 4kBTλ.
Correspondingly, δ2 ≈ 4kBTλ/Γ2. This shows that the
maximum value of the scattering probabilities ǫmax is
determined with two parameters, namely, T and λ. We
remark that in the absence of electron-phonon interac-
tions (λ = 0), ǫ ≡ ǫm = 0 regardless of the energy E
value, and Tmax = 1. In general, ǫmax increases when
the temperature rises, and it takes on greater values when
the electron-phonon interactions are getting stronger as
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FIG. 3: (Color online) Thermopower and figure of merit as
functions of the bridge level position (left panels) and of the
parameter Γ characterizing the coupling between the bridge
and the electrodes (right panels). The curves are plotted at
kBT = 2.6meV, λ = 0 (dash-dotted lines), λ = 0.25meV
(dashed lines), and λ = 1meV (solid lines) assuming Γ =
1.25meV (left panels) and E0 = 10meV (right panels).
illustrated in the Fig. 2. The enhancement of ǫmax is ac-
companied by the decrease of maximum value of electron
transmission Tmax. These results have an obvious phys-
ical sense because in the considered situation the phase
randomization is inseparable from inelastic scattering of
electrons by thermal phonons hindering electron trans-
port through the system.
It was first shown by Sofo and Mahan [51] and then
confirmed in several later works (see e.g. Ref. [21]) that
the figure of merit diverges when Γ approaches zero pro-
vided that the system is characterized by zero phonon
contribution to the thermal conductance, and the effects
of Coulomb interactions between electrons on the bridge
are disregarded. The results obtained in the present work
agree with this conclusion. In the right bottom panel
of the Fig. 3, the divergence of ZT within the limit
Γ → 0 in the absence of the electron-phonon interac-
tions is clearly illustrated. The junction figure of merit
is limited due to the effect of thermal phonons associ-
ated with the electrodes. The stronger these interactions
are, the lower in magnitude maximum values of both ZT
and thermopower become. Comparing the present results
with those reported in Ref. [21] one may presume that
the thermal phonons take the part of phonon thermal
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FIG. 4: (Color online) Maximum value of ZT as a func-
tion of temperature. The curves shown in the left panel
are plotted assuming λ = 0.25meV, Γ = 0.3meV (solid
line), Γ = 0.7meV ( dashed line), Γ = 1.25meV (dash-
dotted line). In the right panel, the curves are plotted at
Γ = 0.7meV, λ = 0 (dash-dotted line), λ = 0.25meV
(dashed line), λ = 1meV (solid line).
conductance (which equals zero for the considered sys-
tem) in limiting the maximum value of ZT and removing
the divergence. Unlike ZT, the thermopower remains fi-
nite at small values of Γ even when the electron-phonon
interactions are disregarded, as illustrated in the Fig. 3
(see right top panel). This means that the divergence
of ZT originates from extremely strong violation of the
Wiedemann-Franz law resulting in the divergence of the
Lorentz ratio.
In analyzing temperature dependencies of ther-
moelectric characteristics of systems consisting of a
molecule/quantum dot linking two electrodes, it was
established that usually the figure of merit ZT is a
nonmonotonous function of temperature (see e.g. Refs.
[9, 19–21, 25, 46]. Also, the present results show that at
low temperatures ZT increases as the temperature en-
hances and it reaches a maximum value at certain tem-
perature T0. As T further rises, the figure of merit de-
creases approaching zero when the temperature signifi-
cantly exceeds T0. This is illustrated in the Fig. 4. The
value of the optimal temperature T0 as well as the corre-
sponding value of ZTmax is determined by the relation
between the coupling energies λ and Γ. Assuming that
λ is fixed, one observes that ZTmax takes on greater
values and the optimal temperature T0 becomes higher
as Γ increases. On the contrary, enhancement of λ at
fixed Γ leads to a significant decrease of ZTmax, and
shifts T0 to a lower value. Thus the electron interactions
with the thermal baths suppress ZT values. Molecular
vibrations may affect thermoelectric efficiency of the con-
sidered nanoscale systems in a similar way, as discussed
in several works (see e.g. Refs. [13, 21, 30]).
The character of temperature dependence of ZT dis-
played in the Fig. 4 indicates that while the transi-
tion from coherent and elastic tunneling to the dissipa-
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FIG. 5: (Color online) Combined effect of electron-electron
and electron-phonon interactions on the dependence of ZT
of the bridge level position. The curves are plotted at
U = 10meV. Left panel: Γ = 1, 25meV, λ = 0.25meV,
kBT = 2.6meV (dash-dotted line), kBT = 1.3meV (dashed
line), kBT = 0.7meV (solid line). Right panel: Γ =
1.25meV, kBT = 0.7meV, λ = 0 (dash-dotted line), λ =
0.25meV (dashed line), λ = 1meV (solid line).
tive transport significantly reduces ZT values, the gen-
eral character of temperature dependence of the figure
of merit remains unchanged. At low temperatures, ero-
sion of the sharp step in the Fermi distribution functions
for the electrodes occurring at E = µ creates better
opportunities for the electron tunneling through the sys-
tem. However, when the temperature exceeds a certain
value, the same process starts to hinder electron trans-
port. Also, at sufficiently strong electron-phonon inter-
actions, the peak value of the electron transmission de-
creases bringing further reduction of the thermoelectric
efficiency.
Although considerable efforts are applied to reach un-
derstanding of combined effects of electron-electron and
electron-phonon interactions on the thermoelectric trans-
port, this subject is not fully investigated so far. Now,
we reconsider the above results taking into account pre-
viously disregarded Coulomb interactions between elec-
trons on the bridge of a thermoelectric junction. Then
the expression (15) for the electron Green’s function
may be employed to compute the scattering probabil-
ities and, ultimately, the electron transmission T (E)
and measurable characteristics of thermoelectric trans-
port. In further analysis we assume that the linker
(molecule/quantum dot) is weakly coupled to the elec-
trodes so that the charging energy U significantly ex-
ceeds the coupling parameter Γ. The results of these
computations are displayed in the Figs. 5,6.
As shown in the Fig. 5, the dependence of ZT of
E0 undergoes significant changes as the temperature in-
creases. At low temperatures, ZT exhibits two pairs
of peaks of unequal height situated near E0 = µ and
E0 = µ − U, respectively. At higher temperatures two
peaks making a pair cling together so that each pair is
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FIG. 6: (Color online) Left panel: Combined effect of
electron-electron and electron-phonon interactions on the de-
pendence of ZT of the level position at higher temperatures.
Right panel: maximum value of ZT as function of charging
energy. Curves are plotted assuming kBT = 2.6meV, Γ =
1.25meV, U = 10meV (left panel) λ = 0 (dash-dotted lines),
λ = 0.25meV (dashed lines), λ = 1meV (solid lines).
transformed to a single peak. At sufficiently high temper-
atures, these peaks become nearly equal in height, and
their tops are shifted farther away from each other. The
curves displayed in the left panel of the Fig. 5 are plotted
assuming that temperature is noticeably lower than the
temperature T0 providing the maximum value of ZT, as
shown in the Fig. 4. We cannot explicitly compare the
results represented in these figures because the curves
shown in the Fig. 4 are plotted disregarding electron-
electron interactions. However, we may conjecture that
further increase of temperature accompanied by inten-
sification of scattering processes will bring furthermost
rise of ZT peaks as well as it happens in the case when
one neglects electron-electron interactions. Also, we may
expect that the increase in the peaks heights would be
replaced by their reduction as the temperature would ex-
ceed a certain value. An explicit effect of electron-phonon
interactions on the figure of merit is shown in the right
panel of the Fig. 5. Again, one may observe the suppres-
sion of ZT originating from these interactions.
Further illustration of the influence of thermal phonons
on the figure of merit is presented in the Fig. 6. The
curves shown in the left panel of this figure are plotted at
a moderately high temperature (kBT = 2.6meV ) when
the adjacent peaks are already merged, so that ZT ex-
hibit only two maxima. Omitting electron-phonon inter-
actions, one observes a significant difference in the peaks
heights. This difference originates from the character-
istic features of electron density of states on the bridge
level which are manifested in the characteristics of coher-
ent electron transport. As the electrons interaction with
thermal phonons strengthens, the peaks heights become
leveled. At fixed temperature, maximum value of ZT
is determined by the relation between the charging en-
ergy U, and coupling strengths λ and Γ. We remark
8that the suppression of ZT due to electron-phonon in-
teractions may be replaced by its promotion which oc-
curs due to a combined effect of electron-electron and
electron-phonon interactions [33]. However, this increase
of thermoelectric efficiency is expected to appear when
electron-phonon interactions and Coulomb repulsion be-
tween electrons are comparable in strength. These con-
ditions are different from those considered in the present
work. Disregarding for a while the effect of phonons,
one observes that ZT takes on greater values within the
limits of low (U ≪ kBT ) and high (U ≫ kBT ) values
of charging energy, and it drops at intermediate values
of U. This behavior was previously described and ex-
plained within the sequential hopping approximation for
the electron transmission through a thermoelectric junc-
tion [21]. Electron-phonon interactions promote washing
out of these features.
IV. CONCLUSION
In conclusion, we remark that thorough studies of ther-
moelectric properties of nanoscale systems taking into ac-
count both electron and phonon transport as well as di-
verse effects arising due to electron-electron and electron-
phonon interactions are not completed so far. In several
earlier works this theoretical research was carried out em-
ploying single-particle scattering approach pioneered by
Landauer in the context of charge transport in meso-
scopic and nanoscale systems. These ideas were gener-
alized to phonon transport through nanoscale junctions
[30, 32, 42, 52, 53]. Within this approach, transport char-
acteristics of a considered nanoscale system are expressed
in terms of electron and phonon transmission functions.
The latter were computed employing several methods,
including some based on scattering matrices formalism
[42, 54]. Later, these methods were mostly abandoned
in favor of more advanced formalisms such as NEGF
and/or various modifications of quantum rate equations.
However, potential usefulness of the approaches based on
scattering theory is not exhausted so far.
These approaches have an advantage of being compu-
tationally simple and less time and effort consuming than
advanced formalisms. At the same time, their short-
comings could be largely removed by incorporating some
NEGF based results into a computational scheme. In
the present work we suggest such approach, and we em-
ploy it to theoretically analyze some effects of electron-
phonon interactions on the efficiency of nanoscale ther-
moelectric junctions. Presently, various manifestations
of electron-phonon interactions in thermoelectric trans-
port characteristics of nanoscale molecular junctions are
already explored, and the research is still going on. How-
ever, the research efforts were and still are mostly concen-
trated on the effects arising from vibrational modes on
the molecules linking the electrodes. Less attention was
paid to the influence of thermal phonons associated with
random nuclear motions in the ambience. Here, we focus
on the analysis of thermal phonons on the electron trans-
port. We show that direct interaction of electrons with
thermal phonons assuming that these phonons are assem-
bled in two baths associated with the electrodes. may
significantly affect thermoelectric efficiency of molecular
junctions and similar nanoscale systems.
Specifically, we show that electron-phonon interactions
assist the increase of the scattering probabilities thus de-
stroying the coherence of electron transport and promot-
ing energy dissipation. When the electron-phonon cou-
pling becomes sufficiently strong, this brings a signifi-
cant suppression of both thermopower and thermoelec-
tric figure of merit thus worsening thermoelectric effi-
ciency of a considered system. This effect is illustrated
in the Figs. 3,4. We remark that λ and thermal energy
kBT appear as cofactors in the expression for the scat-
tering probability ǫ (see Eq. (29)), so they affect it in a
similar way. When either λ or kBT increases, this re-
sults in strengthening of dephasing in the electron trans-
port. However, entire effects of these two parameters on
the thermoelectric properties of considered systems are
unidentical. While the strengthening of electron-phonon
interactions always leads to reduction of ZT, the rise of
temperature can promote the figure of merit increase pro-
vided that temperature does not exceed a certain value.
This may be explained by the fact that besides affect-
ing the intensity of scattering, the temperature influences
distributions of electrons in the electrodes, and it may ei-
ther assist or hinder their transport through the system.
Also, we analyzed the combined effect of electron-electron
and electron-phonon interactions on thermoelectric prop-
erties. Obtained results agree with those reported in the
earlier works [21, 33]. In particular, it was confirmed that
ZT exhibits a minimum at a certain value of the charging
energy U which becomes less distinct at stronger values
of λ.
The suggested computational scheme may be gener-
alized to include vibrational modes. For this purpose,
one may add to the adopted model simulating a thermo-
electric junction an extra reservoir representing vibrons.
Also, one may mimic the molecular bridge by a set of
energy levels thus opening the way to studies of interfer-
ence effects. For a realistic molecular junction, relevant
energies may be computed using either density functional
theory or other method of electronic structure calcula-
tions. Finally, the proposed scheme may appear help-
ful in studies of thermoelectric transport beyond linear
regime in temperature. On these grounds, we believe that
presented method and results could help to reach bet-
ter understanding of some important aspects of thermal
transport in molecular junctions and similar nanoscale
systems.
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